



















































1 Formulation

smearprogram UP

Iintegerprogram
LIP

non linearprogram NLP






















































LP

f R 112 a function of the fmfciaxit tanxn
dfafinefntiou.at

⼼ in

y_ 𠴕 ⼼ D

f N R a linear function t constant

ep affinefun in217
afnefnc.usp NP ⼆ AxtBytc

maxminimize anaffinefunction subject to afinite number of hearconstraints

Itfiiiiinp.f.io和 PER

g min Xit选 not a function C

wscxJDs.t.x.tn0 符号

x.tn 2E5 V24Ren toomagww.tnits



























































IP
每个constraints尺整数

Variables xi denotes thenumberofcrate

tgpeiojt.vefunction max boxit70加⼗4071370X4420ㄨ5 90加
constraints 30xitzoxz.tw加⼗90714430x570加上10000

xizo U it 1，6

Xi EZ UiGTi 6

new constraints Xi E lo Vi ⽐1，6

X3E10X4

newvariabky.ly⾔炎器出
⼀
binay variable

⽤于logical constraints
new constraints

ixtxzyq.Aori.CI业 AandB
c.gs1






















































Graph 嘱于 IP
epG V E

rules Ǜges
v 1.2 了 4，5

vertices u w EVE ⼆ 12，23，34 15，25，35 45 14
edges uw wz E E

2 vertices u

vareafnu.ifnVGE.vn
vareedpefdgeuvcE.edgee.EEsing to uc V

s
tpaths
tpatl.is a sequenceofedges V1V2 V2以 vk

ivks.tl从S开始到 t洁⽊ us lit
2 不敢经过点 ⼤

empty sequence is a Ss graph

get apath Run in uc is thesumoflengthofedges onP.CLP ⼆ 三 Ce eEP

h bl






















































Shortest path problem

题⽬ Given G V E length cezofeEE.s.tt V
Find min length Is t.ph P

⽅法 is tant lsourceto tangent at
Given a graph Giv E and 2 vertices s.tt V.s.tt
then for SEV the set SIS w v EE

wadiscalled

state

If P is stpath Scs is stat then Pmusthave anedgefrom SLS

If SEE contains at least oneedgefromevery stat thenSwtnsstyth

















































binary variable

variables Xe for each e EE denote E.fi 㠭品
objective min I Ccexe et E

constraints 对于每个 stat SU 都有⼀个constraint 之⽐ et Su 21

Phavean edge fusunzlxeie.ESU 1 UEV.SEU.tt

UXezOXetZtsasbabatbt

objective I了 4 I 2 2 X

constraints
o 1 1 1 0ii 𠰺𠠬
0 0 0 1 1

所有可能in溅 xzo x⽐
























































NLPnsinlntjy.in
X this

11lfhfhfhstsubjuttoshlEXDioshlTlxzjzot
xi.xz.EE

华幾品⾼ 加⼼⻔

every悬管 be modelled as NLP

Fermat's last theorem

不存在integer
x.yzzlnzs.s.txnyiz.vn
























































Q Givenpoints x XuEN partitions thesepoints into kck.sn
groups Si So ⼀ SK.s.li 前意11grill is minimized lfi.in k is
themeanofYEN.yES了

ep.m5 kz d 2
Mii 认认卦 打

iii i

讪 啾啾

5

厵修以ME 四
午左422 8

羸顺汉北
⼆472⼗四

2
4
l

total12
variables

ktitpd.it k represent the mean for Si

letzj.iliik.fi m indicatewhether xj is in Si
objective 贰点 zjllxjii
constraints 惑z j 1 Y 1nzjllzijwltiiliikjl.in

感到Ui ⼆点Zjxj Unit k






















































optimal solution 最优解iiiiii.in

unbounded UM ⺕ anfeasible sdwith objectiveduegreater smaller thanM

Farkas Lemma

There is no solution to Ax
b.xzo.ifyEAziyb.co

Proposition i unbounded

let A bematrix b c be vectors

Then the LP max cix

仜

unbounded

subjectto AFb

if thereexist a feasible不 and vector ds.tn Ad⼆0
20个 n d z10

certificateof
unboundedios for theLP Did 70

of






















































proof
consider the sequenceof vectors ⽂⽐ ⼆天 tt.cl indexedby

ftp.tzofrenengtzoxctis feasible indeed 不⽐⼆五⼗些 ⼆0

⼆0
20 1by2D

byfeasibility fAlso

A不⽐
⼆A 不tt.dz

证明是solution
A It ALtd
⼆ A Ttt Adze ⼆ 0 by⼝
⾆ by feasibilityof⽂
⼆b

fi value⽐⼼

盐 ⽐⽂ttd 证明unbounded

⼆点它告⼥ 毕
independent 70 多了

o

i.LP is unbounded

Q.mn Zlx i l 4oo

xt4subjettHzi6Dx l
xzo

Prove 和 10 0 4 5 is fled and 4 以 upperbound

consider X be an arbitrary feasiblesolution

Z x ⼆

Lilford点 4 E4






















































Q Bou
m 3，4 1，2 Tx
st 三千古 I x 1

x

叶幽
义
Show no solution

E3 2 6 7 x 6
4 2 4 8 x 4 号

1器
Supa⺕⽂20 satisfy0820 Then可 satisfy

品 品 上 contradicts

使你边20 边 o

apron 啝 Ēǖfii
加

unbg
证 too z ⽐

consider a feasible solution ⽂ 2 1 0 0 ㄒ

consider a vector d 102151and a sequenceofvectors Ict ⼆⼆⼗t.cl
indexed by ttR.tt O.ie Act ⼆ lzttltototz.to 1t T

for every to thevector Ict is feasible

utz0 120 2120 t20 whenever t z o

信结 躙将1
fyu 0 1 1ㄒ ⼥⼼ 2 24t 1011tl.ztttlit

fi.lt tst
i the LP is unbounded






















































Standard quality form CSEP

df.SEF_m_xcixtc
inaipblems.tAxcdlconstra.its except xjzo isquality constraints

丠10 c xjzog

dfquivahtpgran.no
LP is infeasible lP is infeasible

P is unbounded up is unbounded

anygtìmd
solutionofLP canbe efficiently convert into an optimal

sd f lP andviceversa

he l d






















































Q convert thefollowing LP in an equivalent SET lP
min 1 2 3

xsub.to
信 主 引 x䛘 LP

x to xzzo.xsf.me

Change min max

max H 2 3 X

Change inequalities qualities HE
1xi zxzt7xsz2 quivdettolxi2xzt7xs yyy.fr someX420

2xitoxt5X3E4qmwkttozxit5xst.EE4 forsome X520
slackvariable

max H 2 3 0 0

X.sn
信 到

X E0 X220 X3fee ㄨ420 X520

Change nonpositive variable nonnegative ⼗

replace x.bg a new variable不 st x ⼆⼀不

afterthe change we can remove不

max l l 2 3 0 0

X.sub.to
住 到

X 70 X220 X3free ㄨ420 X520






















































Change free variables y nonnegative variable 嵯
加 free is guided to

了以 0
2 o 2
2 3 5

xixi xifors.me xi20 X520

3

i
i

7 7 1 0sub.to

信 主 i 5
83

xzo






















































Basis

def basis B

B subsetof column indices

Ari column swbwtnxofA indexedby set B
Aj dj ofA
DAB is gene matrix
AB is 哎哈 alums independent

g Ali 605 占 占 约
1 2 3 4 5 6

13 1 4 is a basis AB⼆公⻔ is square

nonsingdar.BE1 6 is not a basis AB El⽣ is not

mnsjlan.BE1 2，3 is not a basis AB is not square

def basic solution

A x b

xj ⼆ 0 Y 4B
natori is a basic solution of Anb






















































Be
DGiven basis B thereBentband 巫功 basic sol
Given a basicsd theremay havelotofbasis

proof hiAx⼆号⽅可⼆前Ajxj⼗痴叮当
⼆商Ajxj
⼆

ABXB.YBisbas.si
AB is nonsingular Aiexists

i 加⼆Aib
𥘅 10

⽂

有 yiy Go

后
ˊ

涨

beA⽂⼆AB和⼗AN⽆⼆只下
了后

⼀ IN Tnotbasic
square nonsingular

consider inSEF max Six Ax b xzo

If rows are dependent theneither no solution
的其中⼀个 constraint多余

⼤A solution 不 for AFI is a basic if
i 不⼀些了 corresponds to Infidel columnsof A






















































Q Findbasic solution forGIGI
X⼆

管 when B⼆ 1 4

位 6 i i i x

x 6 t i 6 i 6 x4H
6⻔㵄

嚠 16讽到⼆⽣
basic solution i 4 0 0 2ㄒ

g take A G 6 8 I ⽓ 幻 b 3 ⼼

不⼆ 2 o 0，1，0 051 is a basic solution for Bill 4了

加⼆ Tǒ 0 08 ㄒ N 2 了 5，6了 邓
⽂ 10 1 2 0 0051 is a basic solution for 13 2，3

N 11 4，5 63

元 0 0 0 0 Ì OJ is a basic solution for 13 5.6

N 1 2 了43

可 2 0 0 1 1 0 ㄒ is a solutionbutnot a basic solution





































Canonical form

df canonical form

we say an LP max CTx

subject to Ax b

xzo

is canonical form for a basisof A if D Cj 10 UjGB
2 AB B Inn

g 5 1 4 4 0 0 0 y 10
4 1 3 5 i o o

i i i i D
TABInxn

Forall basisB I P in canonical formof13 s t
1 P P have samefeasibleregion
in feasiblesols havethesame objectivevalueforP P






















































Q Wehave theLPmodel

max lo E2 4
xs.tl0 I x 1

A b

Rewrite CD in canonical form for basis 13 2 3

ReplaceAx b by A'Tb with A后江

A
xebli.it以

监 ⼼ i 沁⼀些⼼
469⻔ ⼈ 们

赞成
⼆

赞

Replace ch g ETxt E with is 10

o cy.yzllbiiyxtcy.ph Ziyynxt鈭Z i 0 0 24 x
10 0 24 yyie.LI x城监

0 0 E 10 2 lyyz 91 i CFCB

yTAp.ly灲 Y1 10 2 IAB⼆CTB

i 哵 剡⼆们 Aiy⼆的

炎 1 I'M 冶 y 脂了么了⼆胎织
choose lyyz 210 i Z 2 0 0 6 xt2

max 2 0 0 6 x 12

st ci69⻔ x ⻔
x20






















































Q Find equivalent canonical form with respect to 13 3，4了

for max 2 3 2 1 x

subject to
ㄥ

l 4 6 iii x P
xzo

A b

Ani住⻔ Ant L

ii
4
6 i x 别问

⼼ 之 ⼼ x 到

for every feasible x we have

2 3 2 1 x 2 3 2 1 才

⼗三 1 1 1 0 X 23

inn 1 2 0 1 x 1 2 1⽇in i使后⾯咬为0

1 1 3 1 x 4
max 1 3 0 0 x 4

subject to Mi Yi x D
妅 0






















































Simplex method

def a basicsolution我 is t if 不⼆0
a bisis B is called f逃 if the corresponding basics1
我 is feasible ep Aibzo

此 Optimal solution

a
max 5 1 4 4 0 x

吵

芐
AB

tonidfnnfornis.io 乃

iii 唯1
13 1 2 3 4 5 6 7

Thecurrent feasible basis 13 5 6，7 with soI co no o 0，7，4⼼
4

exi.xz.xs.X4uonbasicii
4xnn.cix5 17 4X1 X2 3加 ⼀了才4

C

4

5 X7 10 2X1 X2 2加 3ㄨ4
⽇的去抖X6 eduXl

The current feasible basis 13 1，5 7 withsol l4，0，0，0 I 0，2ㄒ

z wtl.xrlxs l.X4 5X64e xz.xs.X4 to nonbasic

加 l x 4 I'ㄨ3 I'ㄨ4 1X x X5 X7 basic

Y X5 1 1 xztlxs 1 X4t4X6 X5个开⼀加王4
2 x7 2 1 X2 1 X4t2加 h i5 X6个4
l

minis I ⽬的 i去拼加 entreXu

for x X 10 2x1 1X2 2713 324 2 x 加1 2x ⽬的海 a






















































Thecurrent feasible basis 132 1，27 with soll4 to o o 0

DzuO I'ㄨ5 1 16 tho positive coefficient
x 4 1 X 1X4 1 for variables
X2 l t l X3t 1.714 1X5 4X6

STOP
xy l lx3 zxxtl.xi

zx.ciThe value is U

So⽂ 4 1.00 o 0 IT is optimal with value

up⼆ 1，2 7 is optimal basis

Thecertificate of optimality By中国涎 别问⼆们
i

withrespect to theoriginalLP

If originalLP is canonicalform there is aneasierng to compute certificateof optimality
Here take 6 my gin angst






















































此 unbounded

Q Solve max 1 3 1 0 0 0 x

啊 信 i x 剡
x2 0

Current feasible basis B 4 5，6 withsol co o 0 o.co ⼼
z 1x 3ㄨ2 1加

5 X4 10 2X 2加 11加

i X5 10 3X1 2X2 1X3

10 X6 10 1x 3加 1加

mini x entre t leave

Current feasible basis 13 1，4 6 withsol li 0，0 Ǐ 0三ㄒ

z J tjxz ixs

fxsigsxiizixz jxs TX5
lt X4 J Ǐxz t I加 ⼗三加

f X6 Ǐ tjxz JX3t X5
mn is l Xuentre xx leave

Current feasible basis 13 1 2，6 with dl4 no 0，0，9ㄒ

z 7 t tㄨ3 J X4 t ÈX5

f x 4 15X4 吉加

f xz 1 t t 加 ⼀É加 ⼗⼠加

f X6 9 ttxs.int Ǐx5 Xsentre

i The LP is unbounded

Thecertificateof unbounded is 玒 4 l o o_o 9ㄒ d 0⼠ 1 o 0 if



Q She maxx.tn

s.t X.tk El
加⾔之多 D 2 53

名 0 仜
D D 1

i i i i j x

Theoriginal LP is SEF
max 1 1 0 0 0 x

啊 i 啊
X20 S canonical formv3 1323，45

The current feasible is 13 3，45 withdco.co i 了 2ㄒ

z 1xitlxz

第三㥕⾔红焱 1加

X entre ㄨ4leave X F 5加代⼊2
Thecurrent feasible is 13 1，3 5 with d so 4，0，2ㄒ

z 3 t x2 X4

Y X1 3 X4

I 㤎三台器 加

non2
加entre X5leave X2 2 加代⼊ t
Thecurrent feasible basis is B 1，2，3J withsd 了2，2，0 0ㄒ

z 5 X4 X5

1x5黈䜑



Q Solve max

gs.t.xixzEID
xitxz.cz D z_ D

x⽅0 X2台 1

i iˊi P
x

The current SEF is 1

max 1 0 0 0

xs.tli 6 9 x M
x20 canonicalform BY了 4了

Thecurrent feasible is B 3 4了 withdco.co i 2ㄒ

Z Xi

y 炎三谈恐
x entre xs leave

The current feasible is 13 1 4了 with d 1 o 0，3ㄒ

z 11 1 x_x

X ⼆ It 1 x ⼀加
X4 3 X3

unbounded dil l 0，0 T

䭯三州本
架出 not

d



Two Phase Simplex method

Max 2 1 2

xs.tni x lI
xz0

Phase I
my o o o 1 1

s t l i i i 6 9 x D
x20

basis 13 94.5了 soI 天 10 0 0 1 3 ㄒ

z 4t以 txz

了 若三 炎恐 聚
前 1 X4 leave x eine

has了 B 1.53 s 1天 1 1 0 0 0 2 ㄒ

z 2 3亿 2ㄨ3 214

9 诞 公恐古贺蕊
t
min I 715leave hehe
basis 13 1 3 soI 天 20 1 00 T

Z x4 X5 C s.TOP

黏个蕊志贺志䂟
i Phase1 正待P有解



Phase I

may 10 0 0 1 1

stljiix.tn
B y H i 乁 垈到1𣲚 D
E io 2 t l2 1 2 NTI i x

0 1 0 6
max 10 1 0 x 6

st.ci 喜 ⻔x ⻔
xzo

13 2 3

max 2 0 0 x 10

s t 23 6 x 4
加10

101 4 751 is an opt soI



Q Compute certificateofunboundedness if SingleMethod stoppedat
Z 27 1X ⼗Zxr 1X3

X4 3 2x t lX2 3Xs

㖙三号 I笓 tzx.IN
thecurrent feasible bass B 4，5 6

x entries the basis but there is no leaving
variables

不⼆ 0 0 0 3 0 3ㄒ

d 0 1 0 1 0 2Twoso
There is no entry van洮 but NO leaning then theLP is unbounded

SingleMethod OnePhase f
If during Simplex Method there is No entering variables
then we are at anoptimalsd

Single Method Two Phase

Solve max 3 0 1 0 x

sit

信 千⾏x 别 啊

xzo

StiAdd auxiliary variables X5 X6 tn
max 0 0 0 0

_1thr.pndy.st.lii 咄 ⼼

加o

f b h



Q But infeasible BY5，6⻔ is a feasible basis with
basic feasible sof 不 0 00 0 419ㄒ

Q is not unbounded foreveryfeasible x forQ.vduedxk x5 xoxio.irdue x to
Qhas optimal sol 不 ⽐ 20

value ⼥ 0 不⼆不⼆六⼆0

___j.tn的
The

0 P infeasible a
valuealx 0 Pfeasible
⼩

optimaldue

Thecurrent feasible basis 13 5 6，7 with basic 1元 0 0 00 4 19ㄒ

z X5X6 XF 14 Xit5xz.tn 2加

蒸Éǜìxixs X4 xzi4 xi xs X4xstzxixztxs
sx xs

X4xratre.toleave

namtfnbagpiz.si fnsid uoo3o6J
Z 919x 6x 2⼊4 5加

f 加⼆ ltzx.tl 加 ⼀加
个 逛点笖器器上路
minsl X enhes.no leaves

Thecurrent feasiblebass 13 1 2，7了 with feasible basic sol不⼆ㄩ300000

Z 0 1X4 3X5 2716

x ⼆ l jxs JX4 jxn.it Ìx
加 3 专加⼀ Ǐ加⼀Īㄨ5 ⼠加
h 1X4 t 2加 ⼗ l X

P is feasible and both 1 2，3 and it 2，4了 are feasible b
because Ill 3，0，051 is feasible sd for P



AT The current feasible basis 13 1，2 4 th bi
with basic feasible solution 和 1 3 of

上feasiblesd 和 13 007

Z 3 t 3加

X 1 ⼦加
canbesolved fromStep1若 iixsxsatres.x.hu

Thecurrent feasible basis 13 2 3，4 with basicfeasible soI 和 o i i 叮
Z i
ixixziz
zxixz.EEtix
X4 0

nothing
Thecertificate of optimality can becomplied as cppos.tn24

pglnyAic.fi ⻔ 䟔的



Geometry

def Hyperplane超球体 Halfspace半空间
峼 11allHbHas0Given a ERd.at o.pe

RhgpyhereH9xERd aTx

pJhdfYaaFfxc.pd aTxyj
tíǘfpits which at x_x

F setofpoints which a x_x夹⻆900

FChalfant

i
H hyperplane

a p 4
H x t N 2 1 X 4 41⼗⼋亿 4

F x GN 2 1 x E4 以11112E4

of
知

丹

啦
t at0 by definition dnnl.ci 1

i dimlH dulxiaixwj.in 1



Polyhedron 多⾯体
a setof Pst P xERd Axeb

⼤ a polyhedron is theintention of afinitenumberofholy

ep
cube is a polylednon

P XEN OEXiEl 0EXE l 0Ex E lJ MS
加

1 0 0

a 1毕⾮䢻 了
0 0 1
0 0 1

Proposition

Thefeasible regionof an LP is a polyhedron

a finite numberofhalfaces

cixzpe cixe p
cixpcixzp

lcixzpep.maxxitzxzs.li

Xi忆加24

X2E6

⼆ 收 yxe4
x ⼗加 7 4 H2 XER 1 1 x E4 X27 4 x

H3 XER
H4 XER yiy

加 2 six
Xl th E lo X2E10 x

Xzt6



line segment
Given 2 pontsu.VERd the linesegment between u V is

xERdixixutll.NU 0台⼊⼆⻔
线段 由 2点间所有法组成

ep u J n们
theline segment between uh

Xt Ri x
⼀⼊⼗ 1⼊ 2
3⼊ ⼈⼊ 1

⼼⼊三刂

convex ⼀个记满 in形状
a set SEN is called convex if for everypairofpoints u.VE S
the lines between u v lies in

S.lfu.VES ⼊ E 0，1 ⼊ utll

NVESep.in
convex not convex

proposition everyhalfspace is a convex set

proof Let H XEN cixepjbeahdfspe.atRdat0BHRshowVnvtH.XutlMN EH

da ut UND ⼆
合
9
章

⼗岩皆
三⼋ptll

NFPi.nutllㄟ VEH
d



proposition Given a convex sets g ERd.jEJ Theintersection C A gj 叮了is also a convexSet
y can bean

proof show UuUEC ⼊E o 1 ⼊ utll

DVECiiu.vc
C.i.uvtgltjtJYCjiswuwx.u.VE

g.Uj.i.nu ⼗⼈⼈⼊ v t y y
i ⼆品 y i ⼊ utl 以 VEC

theorem
every polyhedron is a annexset

proof 跟据前⾯ypopost.tn

Extremepoints 表⾯上in品

LetSEN be a convexset Apoint 不ES is extremepoint if
⺕ no u.VES ⼊E o⻔ s.tl ut v

2 ⼊丰1 ⼊ 40 10⼊ 1

了⽂⼆⼋ utl.li V

不能被夹在 w之间 n.it 砍
extremepoint

g

Axzbproposition Let P XENAXEbjbeapljhedwn.IEPiero x Axs
Let Ax 5 be the setof tight constraints for⽂
Then ⽂ is an extremepointof Diff rank咔 d dimensionyd





Q
判断 0820⼈欲 extremepoint

D天 1 2ㄒ

Ax 3 1 2 1 2ㄒ i 1 3 tight

A ⻔
rankCA⼆ 2 d extreme

0
D⼥ 0 1ㄒ

Ax⼆ 1 0 1 0 1 T.it4 tight
A⼆ 1 0

ratcAJ.ltd not

extreme判断 D 820⼈欲 extremepoint

XENif x.ǕPǛ
0 元 11 4 ㄒ

AX f 3 5 4 251 ⼈ 5 tight

A 2 1

rankA⼆ 2 d ahem
万⼆ 2 0ㄒ

A x 1 14 4 8 6 2ㄒ ⼀如⼼ tight

A 吕 ⻔

rankA⼆ 2 d eaten



proposition Let RSxtRd Axis xzoj be apolyhedron xEP
Then is an extra point of P ⽛ is a basic feasiblesoI AFb

proof B i i 1 d ⽆ to N i 1 d 不⼆0

不 is an extreme pointof P
不 is feasible rankA⼆ rank冀管了⼆d
不 is feasible AE hashung independentcob

可 is basic feasible

uol.Qp.ltR4 I品学到 x ⻔ xzg
determine whether 不⼆ 1 20 0 and 元 1 0 0 1 1 are

extremepoint
p ftp4 I6⽓等到 x ⻔ xz0

1 3 14 7

Axliii

可 1 2 0 0 T T 0 0 1 1 T

灬

i
0 2 8 4 0 2 8 4

Ail 等到 A三 当学
Iii

不 lies on 6 hyperplanes
6 hyperplane弙⼀点 A⼆has fullrank

T TwkAT 4



line segment convex extreme point

9xER ⼊⼼ 以⼈

0sky

Set

S.s.t.MN
1ㄟ was

可以 Sit

tu.ngkuES.VES ⼊⽐0，1 D
⼊ E 0，1jffntu.it

判断convex 了个条件⽆法满⾜
proposition D IMPOSSIBLE

everyhalfspree 3 a convex proposition

of

䙰 派
P atRd A xEb

proposition20

evey
intersectionofconvex is a convex

EP isextreme rank Aid

N pop㟣 50

proposition P xtRd Anb xig
every polyhedron

is a convex xEP isextreme ex is basic feasible

solin

hyperplane polyhedron

atpd.at0 PER acN.aio.ptR AtMmu412 bET
H x oN dxp H xEpd aixsp P x叫 Axe by

超平⾯ 半空间 多⾯体
1122中 hyperplane为⼀条直线 由超平⾯分割后⼭区域 有限湎裸组成的多维形状
112了中 hyperplane为⼀个平⾯ 超平⾯的⼀测 包括超平⾯

分割空间



4 Duality

Weak duty ⾃⼰凑数
max 13 2 4 x value

0 0 0 T

x

the y
oSt

K 䚲 x s 别 u 1 151 9 t
2 2 0 T 10
i i oㄒ 0.5

Howcan weproduce anapp
bound ontheoptimalvalueoftheLP

y.y.gs 别 zlyy.gs 纤引 x

iii

iii

Gǜs j 1 1 1 T j b TA

16 2 0 4 x S16
E01 710

To obtain best possible such bound we can write thefollowy P

yTA za

4 5 7 y 代表upper
bound找最⼩

AT⼆ C
贰 信 洲 到啦 引 324

y让FACT in符号统⼀ 为了不让duality翻转
使我们店⽐较才

feasible soI value feasible soI value

0 0 0 ㄒ o 1.1 1ㄒ 16
1 1 151 9 上升

12.0，151 15 下降2 2 0 T 10 3 no 0 T 12
i i oㄒ 2去 ㄒ⼼品品 以⼼5

⼼去点5

d



Theorem Weak duality Special Case

consider theLPs
max Ux

P
吣

min by
DstAxEb st.ATyzc

yz0
Let T be feasible for P T feasible for D
then I CTE by

2 if by then 不 optimalforLP y optimalfr D

of
1 Let x be a feasible d f Ps So Axsb x20

if is feasible for D I20
i TAX EyTb

cixECTxtljb FAD
yTbtlctx jTAD
jbtlcTyTAJX.AT災c Tx is feasibleforPs
ETb ⼆

by
i cixsb.TV x feasible for lB

2 if U我 ⼆by then axeby⼆ CT Ux feasibleforup
i ⽂ is optimal for

My同理

d d



Theorem Weak duality SEF case
consider the LPs

max Ux min by
P DSt Ai St

ifi
Let ⽂ be a feasible solution for P
I be a feasible solutionfor DJ

g c.TT by
2 if UT by then⽂ is optimal f P

T B optimal for D

constmtdndLPS.ms

traits A x b

variables x.no Xiii



Q Construct dud for the following LP

P LD
max 3 5 10 x

il it 𧬘 佸 ⻔阀信
x f xoxo

m 8

YEO yo yfree y420

P D
mǜ 3 5 10 x max 1 8 2 1 y

3 4 ⻔阀们听 iixiyizo yzEO.ysfeeyz.tox.feex.zox.co



Theorem weak duality

Let P D be a primal dudpair of LPs
D be the min LP D be the max LP
不 be feasible for P I befeasiblefor D

Then vduepnzvdue.LT
2 if vdup吅 ⼆whenY then⽂ is optimal for P

j is ytmd full
Q Consider

max 1 2 0 0 x

i 6 g x g

8 5

y.tl
feasible f P the feasible f P the

10 5 3 0 T 10 1 0 2 T 10



Strong Duty

Theorem Strong Duality

Letup and D be a primal_dud pair ofLPs

If IP has an optimal solution不 then D has an optimal solution j
rdwep四 ⼆whenyPf ISpecial Case SET了

Assume

max cix
D⼼

s.t.AT

min by
st Ayzc
y free

assume is optimal for LP
Let us run simplex method with Blends Rule on P
Single Method stop at a optimal soI ⽂ I同值不⼤同解
So the last dictionary 3

maxyTbtEtlciyTAJxzjbtl.ciTA x
ABAxe Aib

XB ABtb ABANXN.ABLABXBtANXNFAB.to
where B is the final base and

yniABCBShowjisqtm.clfor 11
feasible

negative wf.int
ETA in
CTyTA

optimal
CEAT

valuep吅⼆⼼不⼆TbtLETA
LUTA 13名yiberdnenpiByweokdnditg.jisogtmdfipj.uahup𠮩 why吅⼆whip



Possible outcomes of PrimalDud Pairs

p D optimal unbounded infeasible

optimal hong X wed
unbounded

Von

啊
Xwed X weak Vwet

infeasible X.mg ˇ

原因 x min y max

cixz by
It can be happen that both lPs l D are infeasible

max 0 1 x

加

1

ys.tl10 x 1 st 6 y ⻔
y free

infeasible infeasible

constraints A x b

加 0 Ijjivariables



Complementary slotness

Q
max 4 1 5 3

xnstiiiiii.nl
xxx yo

y ⽕⽕ 20

天 0 14 0 5ㄒ feasible for P

j 111 0 6 feasible for D
why⽂ 14115 11 18⼆Value4
gtimd.ly

当 咋们 ⼆when吅时
meet 我和⼴义

ogtmdsol.mn
L 3 3 0 x max 10 5 6 7 y

s t 3 5 5 8
5 6等 咖 訠 i 别㗓P

不⽤考虑

囖忘
yizo.y fysf_y.io



Theorem CS General Case

Let PandD be a pimd dudpa.ir f LPs
可 befeasible for P and i be feasible forD

Then

不 is optimal for
PTis optimal forD

⽂ I satisfy CS conduit.tn

Theorem CS Special Case

Let P D be as follows

D max six LD min by
st AxEb st Aynx20 y 2

0

Let⽆ befeasible f P T befeasibleforD
Then

不qtmdfor p
t m we have

F 0 OR wwiLA⽂⼆bi

V51 n we havejoined for D

可 OR damnjATㄅ

constraint in E heldwith
qnditgyiinsolt.tn12 is 0



proof
by wet strong duty
不 is optimal for P

T B optimal forD

了 4天 by
㘷 j AT
YA⽂⼆yTb

CTE TAE Ey以 ⼆by
T_TA ⽆

⼆0

y A⽂ b 0

点 trio
惑恶

CronicaCS holds for不少



df one

Given a a alk'ER
the one generated by a ⼼ a is none

a a 7 1点笑⼼ ⼊120 Unit ⻔

g i 闾 ⼼ ⻔ ⼼汇⻔

们 ETE 了 ⻔了

def one of tgt
constraints

Let P x Axtb be a polyhedron and let it P
Let了 betherow indices ofA corresponding to the tightconstraints of

Axsb.fr可 So fit Jin row.AT⼆bi

one oftight constraints for可 is the one C generated by rows of A
correspond to tightconstraints Gone

qnowicAiiEJcnjep.maotisxs.tl
你难得

feasible soI ⽂ ⻔

tight constraints D D 三在此处为⼆

one oftightconstraints f ic.com 红红⻔
51 51



Theorem one oftight constraints 前 i
c ogtmdp.it

Let ⽂be a feasible
s.lfrmaxcixstAxsbyn

isoptimd c.is in the one of

ygt_frgmaxttlxs.tk
in 𠇁

2 3 y

p
St 6 1 9 y 1到 以

yz0
已知 不⼆ 2 1 TBogtmd.si findfeasible soI j forD

v1 one oftight constraintsfor元 F 剖

Verify⽂ i satisfy Cs condition

The CS condition forT T are

yo OR X ⼆⼰
yz.io OR x.tn 以

y3 012 X2 2

i ⽂⼆ 2 IT is optimal



proof max ⽐ min by
LP st AXEb E st ATy c D

y20
⼆ 可 is optimal IT optimal that follows CS

i.ci AT ⼆三年rowi AT i EJ fi210
E ⼆三优rowi AT iEJ Ii ⼆0

prove feasible

set 0 to i叮吅 EAT y fi FO
prove 的 and灿

yiwfitJnnowilAJx
b.fr i叮们



Q
max 1 2 x

哥个 㣺们
⼼

show天 1 6ㄒ is old byproducing a dud sol say a
condition

写出Dnd
min 19 7 5

ys.tlii y lD
yioy.io y 20

逐⾏验证 加11.6

D 21 16 9 To

⽅ 不⽤为
并

不困 Sandy
l.lt167 灭不⽤为0 xy are optimal
t.lt1.6 5 A x bi or yi 0

解 2
i i 剡⼆⽇

i Tt Y D 不灭20

T 三 平⼆三

⼋解为 10 三 i

结合图像理解上咫 gone 们 ⾏
必 ⼼

y tonelli ⾏

iii
since 优州 ii i 不



Forks Lemma_

Takis Lemma

Given AtRm bERM.exactly out is true
i ⺕ x.st.Ax
bxzoi.isI y.stAyzo.by co

if
法 1 i Suplex method 法⼆ Primal 12nd

max 0Tx min by
P st Amb at My210 D

xz0

D is feasible
since y 10 is a feasible soI forD

terminate with exactly 1 ofoutcomes exactly 1 case

hgnistAxh.no ystAyzo.by to

Sit AT yo

Ytd ⾏ guy

⺕artfcdefifoibilitgiy.sn
unbounded P feasible

旺 t

还待湖 ⻔和⻔⽆法胕性
习 x.at Anbxzo



Q consider one 以1号 1⼋⼗引⼊2 ⼊⼊220
b 沿 名 b ⼋⼆名 20

thedefined one

separating hyperplane

北1122 1 1 1 x 0

How to show b 恐⻔lies in one

provide moving coefficient for⼊

i ⼆⼼哭 问噐
How to show b 4 doesn't lie in one
provide a separating hyperplane

consider

Ehyy
⼆0

H 1 D20 1 1 1 引20
but v1 1 4 0



4 Shortest Path Problem

ios2

f 七
Graph G cu EQ

⻔
with costs a et E

CeZO
et E

C do
SLS Sls ac Sls a b c d

consider an stpath P so cb bt_
the length of P is denoted

by c P 1121 4

D
min唟CeiXe max El yu Slu is stat eEEǛ
㮺 xezlv uw.su tctustzlyisuiisstat.eesice.to0y20

the at constraint for Ut Pacfisixcdtxdtxcbtx.bzI
被 切统所有线

⼩ 恶从 S到 t必须经边 uj
cd.ad.cb.ch中⾄少有⼀条线被经过

Xcd cd这条边及否要被经过
Theoptimal vd of P is atmost the length of acontestǕ

螽熊震
____ 游

yiityssa.cstyqs.a.by ty Is a b cjtyis.djtyssagtyis.abjtyis.b.c.ME 了

所有包含ad边 instant Tad的⻓度 Ce

yu stat cu in最⼤级 想从 a到d最多只能增加3个半位饭



Show P is a shortest stpath
consider LP relaxation

Showthere are mostpathsof length
lengthofshortestpath is at least theytimdvdflpi.atleast the optiondvd of D bystoydy
We can provide a feasibles.ly for必 with diy 坐
consider

燥 Y_3 2
ylsyj y.io otherwise

at 所包含的点
含⻘ T

在每条 stat 中取最短的 且能互相连接的边 的⻓⾐
t

简单来说最短路经

I
其它的 edge

occetsascyqs.ae
2 E ab bc d cdI 包含任意⼀条 in di Yfiimebtldt
t t

所选中的 edge是所属 at 中最短的路经

家⼈们谁懂啊 这个吹个特殊情况
TMD不⼤每个 at 㖩短边都能互相相连 in FX
⽆语



Primal Dud Algorithm

def arc directed stpath

tail head

以 元 尾 头
ú i directed stpthi sequencefans
width yw
w Scw is an stat yu20

yw w所在 at in值

y is feasible width 同时满⼈ Y
Otslackyce⼆Ce lyw 8以 is stt

VeEEThedudLP
inax Ily Sw is stat

st Iyw Sw is stat ace for e.GE

yzo width

feasible width

袱之路程

1

sk tlslack ofedge e
length of e total width of all stats using

eslady le e Ily Slu is an stat containing e

quality edge atme at
Let T be a feasible soI to D
slacky le 0 edge e is an quality edge

in7 0 at Slu is active fry
被激活的



Proposition

Let j befeasible
widths P be an stith

Then P is a shortest stpath of both statement hold
i dledges.nl areqnditgedgesfory tight constraints

ii Madinat for j containg exactly edge of P

㚁0
0

3

302

tnOi0u isj
年 烆 2 U s b

itrdionozyss.bg l u s

b.ajitrdionsoyis.a.bizUkSsband

V itrtion4Oyss.bac.dk2 ⽐ u

相当于国从 5开始不停往外扩张 感觉上⼈解释 D 中以⾜⼲嘛
up

唟chest蕊 Xezl
xzo

max iy
D St 点⽔

ECe VeEE

T
yostat



Algorithm

输⼊ Graph G V E 每个e.GE 的值为 Ceo

输出 shortest stith
Step1 Initialization

yo for stat Scw 初始时已⾏驶距离为0

u s set ofvertices that canbe reached 起点为 u

Step2 if ttu
skukylabimiu9cab zyiabisthest.atgw

yu shutlab
u UU b

hgeab.to an有 循环 直到到达t停⽌

Steps return stith P thatuses the constructed ans

右 在2 In J

g



Quinn

an
iteration o y o u ⾏ 003 3 10 4 8 2 7
iteration 1 yjl s a 2 7

ǒ 8008 270iteration 2 yis.ge Is a⾏
iteration 3 yqs.a.biz is a bdj
iteration 4 y is and 5 9s.a.b.udjoo.TO o Ō ǒ

0 0 1 òoi Toiteration 5 yesa bud 1 allvertices
T
Stop

Since t EU
output sa at use only the constructed ans

observation

ii y are feasible width throughout the algorithm

iii all created arcs are quality edges
iii if W is active i yw70

there is no one of the form to UEW QEW

sternly
出去了不可能再回来

t



5 Integer Programming

Q max 14 2 x

st
昌信別x E 别
x integer

Ǖxn
⾯ ⼩涧 筑

4t
a Ǚnǚz 3 Y

2
w

⼀

千 分 之 ioiz.si 了11

Thefeasible soI form a set S i ⼼ ⽓ 别
将4个值代⼊计年 或品出 y 4x.tn1向上平移

侍出们 optimal

Syose we canfind a convex set.lpolyhedron Q st Q2S
and all extremepoints ofQ belong to S afterthat we maximize the

objectivefunction over Q

Qian S fan HDx 信
⼀⼀ 涌班 3条边

and so we cansolve 14 2 x

M 1



def convex hull

Let Sbe a setof points in R
Theconvex hull of S denoted

by owls is the smallest convex
set containing S

Fundamental Theorem of IP
Consider the following IP max cixi Ax Eb x integer

Let S be the set of all feasible solutions of this IP
Then the convex hull onv1 is a polyhedron

a x EN AXEby

Consider LP max cTx Āxsbj
接下来3条保出来⼀值⼀样
LP infeasible

unbounded

卭 infeasible

IP unbounded

3 LPytimdi IPytimdc.nl
4
weyogtmdsolfrIPBytimdforLP.wey.imd sol for LP is optimal for IP

Lis an extremepointof Q



Q max L l O x

still
xtz
加⼊

X X X

必 必 义 了

X X X

S i 6 ⼼ 19 1 19 ⻔ 以⽇
ˋ
图中必标记 9个点

i is ytmd forLP butnot feasible for IP

出



Cutting Planes

max l 2 5 x

4

y

i

a

s t Y x D
2xzo xtz fo

5 is
max 2 5 0 0

xs.tli 个 ⼼ x 184

xzoxtZUc oLPrelaxat.tn i remove it
obtain a find dictionary
B 3.43 B

z 12 43 XZ 813不 zy

B 91 y
z 2x 5ㄨ2

不 Ǐtfstxyi 就热答
min4 a leave x enter

氽出来架 加⼆ t.tnfx.im连Txsleave hehe
Z 12 加⼀加 使⽤PhaseIteration
x Ǐtixs_Ǐx4 找到个解
加⼆ Ǐtxstjxt

for 13 1 ⻔ with basic solution 天 Ǐ Ǐ no 051

find
xxitxzxzEP.s.tn

xx.tn 2EpholdsfvevengfeasiblesoloflPzsx
xTtxzn7p doesNOT satisfy 凶

Usefactorial coordinate of不 to construct a atty plane
Consider不⼆ Ǐ thecorresponding constant in thedictionary

x ix.ttㄨ4 Ǐ holds forwey x feasible forLIPS
1 8 d f



⼭ xitl ilxstlilx.is Ǐ holds forwey x feasible for啊
1 x 1 X3 t l X4 Ǐ

ELǏJ i.XEZ.ci x_x了⼗不 ⽐
E2 0 1如果题⽬中不安justification上断可省

回到 original LP
x 18x 4加 t 4 x_x X⼗了才2 4 E 2

ix 3ㄨ2E6 01诗 Ǐ 别 不满⼈条件
How xs xx were added in IP
xi 8 x1 4加

加 4 x ⼀⼤ both are Z When x 加 ⽐

Step 2

consider max 2 5 x

Ii 㸠
xz0 X EZ

Solve the LP relation of
max 2 5 0 0 0 x

st

li 跳 街
加 10 x E区

We obtain the last diretoy for 13 1，2 3

Z 11 iX4 Ìx5

纞 䶨
The optimal basic solution 13 天 3.1 no DT
ii is optimal for theoriginalIRM



defcutting plane
Given a IP and a feasible solution a fit LP relaxation
on an inequality áx Epix is a cutting plane for不

if ⼼ is valid for all feasible sol ofthe IP feasibleregion内
⼝ ⽛ does not satisfy 凶 feasible region外

Q Construct all possible cuttingplanes for 天 1.3 3.3 no of
which are coming from rows in the LP
max 0.58加 076x4

st 0.2X31 0.1 Xy 1.3

xzto 8xsto.li 4
3.3xz0Xt4

from 1st row for every feasible x we have

X 0.2xz.to X4 l

3LlJXitLo2JxstLo.lJx4El3IX20l'Xil XsEl 3

lLXi l.x3EjI ⽐ i.xi x.az

Theproof above show that lxi In El holds forall feasibleI.pl⼀不 1 3 1.3 1

i xi xz.tl is a cutting planefor可

from2nd row for every feasible x we have

xi o 8xz.to X4

3.3LlJxtL
o8JxstLo.lJx4E3.3IX20xzE3.3X2E3

xEz



Q.IS 6加⼗7加221 a valid atty planefor ⽂ 11.3 3_3 o o T

in thepuns exaibxstlx4221
Let us check both properties of cutting planes
2 6.0 t7.0 0 n

i 凶 is notsatisfied by⽂

1 Let us show that 必 is satisfiedbyall feasible x for the IP

Let us assume there is a feasible x.fr the IP st ⽐了 7加 u

Wehave 3 possible cases

Case1 加 2 X3 or X321

IX 0.2加 L X1 0.2加⼋ E o o 8

but 1.3 0.1X4 L1.3 0.1714J 1

Sothe 1stguess contradiction

case2 X4 1

case3 x4
⾃⼰补⻬喽
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7 Non linear Optimization Convexity

def convexfunction
A function fi R 112 is convex if ereyu.VER and fr every
⼊ E 0 1 we have faut l 叺 0 E⼊fu 11⼼flu

epa

fix x2

all
het bfppgfrn yal.it

z
f KutYN0 1 E⼊funtll Nfolt.lt Ǐ 4 3

IS convex function

b fix x了
Not convexfunction

The u 0 1 it
⼗ fmtizo i

⼊fyt 坚中华 t

c fnlxl
⼋

y

ha function
证明 consider uER 0412⼊E o 1

weneed toshow Hut 以701EN ul 11⼩101
nut 以301E 1吢1 111

⼆⼊InIt 1⼊ 101



A nonlinear program is an optimization problem of the following type
min fix
st glx E0
g ⽐ E0

gmix co
NLP

show that if dg.cn gmcx are convexfunction then the feasible

region of an NLP is a convexset 接下来都在Show这P

deflerdsethetgiN

Rbeafneth.geR thentheset HER gun啊
is called level set of the funding
g M

if
It 打 is a level st of gmx2
E2 2 is also a levelsetofgun

2

Proposition

Every levelset of convex function is a convex set

proof Letg be a convex
function g 2 R.pt R

To show that the level stsfxtN.gl EM B convex

Let u 0 be in S ⼊ E Io ⻔

We need to show that ⼊ utll NQES.bg ⼊ u t 1 ⼩0 Ep
Byconvexity of thefunction g wehave

g ⼼笥岩
⼗竖⻔器

上⼊ptll⼊ 13 73 ⽤



There are function not convex butevery levelset is a convex set

9

is frfinwghdsthathefmEN.JP了 uhh a annex set

def convex MP

AnNLP
minfxsst.gl

E0gncx

a ⼼ ⽐ Nap

if dlgig.f.ae convexfunction

Proposition

Thefeasible region of a convex NLP is a convexset

proof Sinceg gn are convex functions

the levelsets x g⽐ E O are convex sets for i 1 ⼀ m

the intersection of convex sets is a convexset

Thus the feasible region其 HER ginny isalso a convexset

df.spptghdf.pe
Consider a convexset CER Let it C

The halfspace F xER sixepjcscR.BE R isasy
與⼼ of Cat 不 if thefaowgwndnhold
DCEFDSTT

p.ie不 is the onggpglanethatdf.us the boundaryof F



Non linear
programing epigraphs

g is a convex function
to

every
levelset ofg is a wnuexset

txtep.fiis
Is there a stronger relationship between convexfunctionsandconvexset

i
fix 5 fix P

def epigraph
Given a function f 112 112 theepigraph off is theset

eif⼆级 ER xN if 吣 是 欢和所有上⽅之⾼

proposition

a function f R 112 is a convex function epif is a convexset

proof

i Assume f is convex 创 tgif 创tepif ⼊ ⽐ ⻔

fu EX f N E ⼈

i faut LINDE ⼊f u 1 叺 fN ⼆⼋⼋⼗ 1⼊ 22

i 悠华㗊到 tepi.fi a convex set

E Assumegifs is a convex set

Then If coepicfi HY Eep if ⼊ ⽐ 1

俧点㗊脊⻔tepicfii.fm1吅以⼆⼊flu 11⼊ 台 Eepicf



Non linear
programmingikamsh k.hnTucker theorem

Q.mincix ax.thxzWLP

ostg.cnto

grow in
妙gz.ME0

himwhere g
⼆ xi

xigixi
xz.gsx ti h

gxix.co
U 1 1

How to make an ill IT is optimumfuMP
ideai Construct a linear relaxation

frcNLP.i.e.eryfsiblesoht.tnofNLPis feasible for thelinear relaxation
construct linear relation

tight伐
yi.ryheeg.DE0

by linear hlxkolsxcpig.no E xthngg.nl ⽔

guxkobglinearh.no 同理

drop g 以⼆0
1 Provethat his Ign towhat

Having subgradients s.tk for gin at T
SzEN for gu at可

we can define him g 四 ⼗ sicx icafmefndtnhngutsilx c afufnd.tn
Observethatwiththisdefinition h.mg ⽐ t s i 不⼥ g可

h ⼥ 92⽇ ⼼ 不可 921到

Gulb he d



2 Contribute thedues

We comptes as g 四og⼼ 刻 g 四汇订
h.mg四⼗ Sīlx ⼀⼥

10 1 2 歪⻔
x

tzxzfg.tn到 ogu天 ⾏
huxFgnts.in天

0 2 1 烈
2x_x 1

Consider the linear relation
min xi xzc suaxx.tn

st 芪恐出 从1

1 ⽂ is optimal fr 以1 1⻔ tune 们们

i 1 11 11到 soll Gone ⼼啊
and so⽆ is optimal for aLP so 可 is optimal forWLP

dfsubgrad.int
Letg N R be a convex function and 可 ER We saythat SER is

a subgradient of
gatpoitiiffreeyxtpi.gl冰 5⼼ ⼆

管露
⼗

器
⼀

簽值
了

ofme



proposition

consider a own笖 mincixs.tg.nl
⼆0

gmixsc.co

Let可 be a feasible solution and let us assume that

g.ggmaediffbkatn.ifctwnefgili.it tg啊
then不 isytndfmp
slaterpo.it
a feasible solution to 可 is a slater point of

mincixiifgiio.fr
d i 1 k



Theorem 4441
consider the convex

NLP.mincixs.t.gl
x to

gino
Let不be afeasiblesolutionfortheNLP stg gm are differentiableA不
Assume that theNLP has slatevpit.ie a point st gno n.gl⽂ 0

Then可 is optimal for theNLP _c E one9 gin ittight啊

⼋
g

Consider theNLP mincixst.g.nl x 2 x.tl to

gu ⼆2xitxz4EOVi.gs加⼆加 3to

a determine whether 天 1 DT is optimal solution when C 3 t T

tight吅 1 2

g 到 g 四⼆⽚

gun 1个 g2吅⼆们

红班 til ER tune ⽚ ⾏
in is optimal Sitterpoint not
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